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EFFECTS OF HEAT-CAPACITY LAG IN (MS DYNAMICS .

By Arthur Kantrowltz

Sumuw

me existence of energy dissipations in gas dpamics,
which must be attributed to a lag in the vibrational heat
capacity of the gas8 has been established both theoreti-
cally and experimentally.

The flow about a very small l~zpacttube Is discussed.
It is shown that total-head defects due to heat-capacity
lag during and after the compression of the gas at the
nose of an impact tube are to be anticipated. Experi-
ments quantitatively verifying these anticipations In
carbon dtoxlde are discussed. h general theory of the
dissipations in a more general flow problem is developed
and applied to some special cases. It is pointed out
that energy dissipations due to thl.seffect are to be
anticipated in turbines. Disslpa5ions of this kind tight
alsc lnt~o~uce errors in cases in which the flow of oqe
~as Is used j.ri an attempt to simulate the flow of another
gas. Unfortunate].y,the relaxation tl.nesof most of the
gases o?’e~ineerlng importance have not been studied.

A new method of measuring the relaxation time of’
g~ses Is introduced In which the total-head defects ob-
served with a speciall:?shaped impact tube are compared .
with theoretical considerations. A parameter Is thus
evaluated in which the only unlumwn quantity Is the re-
laxation time of the gas. This method has been a~plied
to carbon dioxide and has given consistent results for
two Impact tubes at a variety of gas velocities.

D .“ INTRODUCTION

The heat content of gases 1s primarily three form
of molecular mechanical energy. First, there Is the

translational kineticsener~y which is ~RT, where R
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is the gas constant and T Is the absolute temperatureti
Secondly, there is the rotational kinetic energy. For
all gases near or above room temperature, the n rota-
tional degrees of freedom timjlving moments of iner$ia
due to”the separation of atomio neuclei have energy states
close enough together that the rotational internal energy

is close to the classical value 8RT ‘ The third prin-

cipal form of inte?mal energy is the vibrational energy
of the molecules. rf the frequencies of the normal
modes of vibration of the molecule are lmown (say, from
spectra), the vibrational heat capacity”can be”com~uted
by the methods of statistical nechanics. (See, for
example, reference l.) ..

The possibility of dispersion and absorption of
sound due to parts of tho heat capacity lagging behind
the rapid temperature changes accompanying the propaga-
tion of a sound wave in a gas was first discussed theo-
retloally by Jeans and Einstein. Dispersion and ab-
sorption in carbon dioxide observed by Pierce were shown
by Herzfold and Rice to be attributable to lagging of
the vibrational heat capacity of the gas. Kneser was
able to account quantitatively for dispersion and
absorption in C02 and oxygen on the assumption that the
vibrational heat capactty lagged.

The dispersion and absorption of sound in several
gases have been investigated and a fairly complete
bibliography is available in referance 2. It iS found,
in general, that dispersion and absorption mapy times
larger than thoso attributable to vicosity and heat
conduction are to be expected in gases with vibrational
heat capacity. These effects cm be described by rela-
tions such as those g?ven by IWeser and can bo attributed
to the vibrational heat capacity of the gas.

All the measurements of dispersion and absorption
have demonstrated that most tipurities markedly reduce
the relaxation time of a gas; for example, Kneser and s
Knudsen (references 3 &nd 4) concluded that the adjust-
ment of tho vibrational heat capacity of oxygen was
dependent entir~ly on the action of impurities.
Various experiments with C02 have shmn that, at room
temperature, collisions with water molcculcs me 500
times as effective as collisions with CO -molecules in
exciting vibration In C02-molecules. fTh s strong
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>. dependence-on purity has produced great discrepancies
among the relaxation times measured by the various workers
In this field. There has been much better agreement
among the measurements of the effectiveness of impurities.
Sontc measurements In CO~ are discussed in appendix A.
A quantum-mechanical theory of relaxation times developed
by Landau and Teller is discussed.in appendix B. TWO
conclusions, which are verified by the sonic work in C02*
are important to the present paper: .(1) All the vibra-
tional states of a SI le normal mbde adjust with the same

7relaxation time and (2 the Ioflarlthmof the relaxation
time (~xpressed in molecular colllslons) 1s proportional

to T-% Verification of conclusion (2) Is presented
In figure 1.

Dr. Yannevar Bush helped to Initiate this work by
aski~ the writer a stimu?.atin~queqt!on. The author
als~ is very Grateful to Professor Z. Teller for helpful
discussions.

.

In the flow of gases about obstacleo, compressions
and rarefactions acr,cmpan2edhy tenl>eraturechances
occur. The ttme in v~hichthese tmnperature changes “
take place is controlled by the dimensions of the ob-
stacles and the velocity of flow. If these time inter-
vals are comparable with or shorter than the time re-
quired for the gas to ab~orb its full heat capacity,
the gas will depart from its equilibria partition of
energy. In this case, the transfer of energy from parts

. of tlieheat capac~t~ that have r,orethan their share to
parts that have less than their share wI1l be an irre- .
verslble procoss and will increase the entropy of the gas.
If the time Intervals involved are comparable with the
relaxation time of the gas, this Increase In entropy can
be used to measure the relaxation time of the cas (refer-
ence 5).

Turbine-workin~ fluids such as steam, air, and ex-
haust gas have appreciable vibrational heat capacity at
hi~~ temperatures. If these gases have relaxation times
comparable with or shorter than the intervals during
which temperature chaq?es occur In the gas, losses

I ——
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attributable to heat-capacity .Iagmust be anticipated,
A rcxaghestimate has indicated tkat, unless the relaxa-
tion times of the working fluids are very short, the
losses at MFJI temperatures due to heat-capacity lag can
be comparable with the lasses due to skin friction.
Unfortunately, no measurements of the relaxation times
of the usual turbine-working fluids exist.

Various persons have proposed, in wind-tunnel tests
and In tests of’rotati~ machinery, the substitution of
gases that have properties enablingjtests to be made more
conveniently at a given ?Iachnurioeror Reynolds number
than with the actual working flufd. In such cases,
care must be taken to ensure that an error due to dif-
ferences In heat-capacity-la~ behavior of the fluid used
and the v:orklncfluld 1~ not ?.ntroduced. For example,
according to a rough calculation, a wi~ In pure c02
might have a draficoefficient twice es le.rgeas the same
wing in air at the same liachnumber and Remolds number.

In the following discuss?.on,the exi~tence of these .
‘q der.onstratedand a gas-dissipations in gas dynanics -.

dynamics method of neasuri~ the relaxation tines Is
developed. The application of this metb.odto the meas-
urement of the relaxation tines of gases of engineering
Importance is prapased.

As a first example of the energy dissipations to be
expected from heat-capacity lag, consider the total head
measured by an impact tube in a perfect gas. For defi-
niteness, consider the apparatus illustrated schematically
in figure 2. The gas enters the ckamber and settles at
the pressure pO and the temperature To. It then ex-
pands to a pressure pl and a temperature 91 out of the
falred orifice, which i.sdesigned to give a temperature
drop gradual enough that the expansion though the orifice
Is isentroptc. The Gas that flows along the axial stream-
line of the impact tube is then brought to rest at the
nose of the tube and7 during this process, its pressure
rises to p2 and its temperature rises to T2. If this

second process is slow eno~h to be isentropic also, the
entropy and the energy of the gas that has reached equi-
librium at the nose of the impact tubo are equal to the .

.\..
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values h ,thechaniber~d hence the pressure p2 equals,.. —-. .
PO and the reading on the alcohol manometer Is zero.

Consider, however, the other extremo case In whioh “
the compression time:- that Is tho time required for the
gas to undergo the greater par! of its temperature rtse -
at the nose of the impact tube is small compared with the
time required for the gas to absorb Its full heat capacity.
The orifice is considered largo enough that, during the .
e~ansion throL@ it, the gas-malnta~ns equ~librl=. A
part of the heat capaolty of tho gas ~vib does not follow
tho rise in temperature during the compression as the
gas is brought to rest at tho nose of the impact tube and
adjusts f.rreversihlyafter the compression is over~ TM
resultant increaso of entropy in this caso means that the
prossurc P2 Zs lower than PO? This increase in entropy
is now cnlculatcd. All temperature changes are assumed
smell enough that tha heat capaciti~s of the gas can be
taken as constants.

At the beCiming of the adjustment, the la~~lng part
of the heat cap~city cv~b !.sstill in equilibriumwith
a thermometer at tt.etemperature T1 while tho transla-
tional nnd other do~recs of froedam with haat capacltios
totfllin& Cp’s tl~e relaxation time of which oan be ne&-
Mcted, m% in cqu+.libriumwith a thermometer at some
h!@xm tcmpor~turo T. l:rier~ythen flown from the heat
capacity cp~ to the heat capacity cv~b, increasing

the tQmper&li61 T b aSSOCi:Ltedwith cv~b from
Tto tho ftnal equil.brlum temperature, whicfiis To.

Conservation of energy Givf3sthe followirg rele.tion
between T and Tvib:

‘vibTvib + ~p’T = cpT()

T1

where c
d

is the total heat capacity at constant pres-
sure. e entropy increase when an element of energy
dq flows from T to Tvib is-,

m dq
d9=-”— = Cvib ‘vibTvlb T

(*- +)

(1)

(2)

,
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Eliminating T in.equation (2) from equat$on (1) and in-
tegrating over the whole process gives

●! (-j

! (
-c

As = p’ 1
Cvlb dTvlb cpTo -

)
+—

cvibTvlb Tvlb.. ‘T1

(3)

Equation (3) gives the entropy difference between
the gas In the chamber and the gas at equlllbrlum at the
nose of the impact tube. Because the energy and hence
the temperature is the same at the beginning and at the
end of the process, the ratio of chamber pressure to
Impact-tube pressure can readily be computed from the
perfect gas relation

“s= Cp log T - R log p + Constant

which gives
PQ

As = R log —
?2

and

PO
—=
P2

(4)

It may be instructive to derive this relation by
considering the isentropic parts of the process. Durin
the slow expansion, the enthalpy theorem (see appendix CY

gives
12

CPT.+ ~U = Constant (u Is flow Velocit ) and,
z

during the instantaneous compression, CPIT + *U = Comdxm’lt,



c,~~b being. . .,+
pression.

omitted because
Co&blnli& these

7

It takes no part in the com-
equatZon8°’@veli-’”

(5)

where T2 Is the temp6rattirereached by the translational
deCrees of freedom before the adjustment period starts.
The adiabstlc-compression relation can be applied to both
the expansion and the compnesslon with the appropriate
heat capacities to calculate p2; thus,

Combining equations (5) and (G) gives, after several

which is of course Identical with equation (4).

The percentage total-head defect 100
PO - Pa is

20 - P1
plotted against chamber pressure P/Pi in figure 3 for

Cpt = 3.5R. The apparatus schematized in figure 2 was
used to check equation (4) for C02 where the vibra-
tional heat capacity would be expected to lag, The

orlf’icewas a hole in a &inch plate with Its df~eter
variation deslped for constant the rate of temperature
drop. The last 1/16 inch of the flow passage was
straight in order that the streamlines in the jet would
be straight and axial and hence the static pressure at
the orifice exit would equal atmospheric pressure. The
glass impact tube was 0.005 Inch in diameter and its end ---
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..-were between 300 and 6G0 fact per second.. The”expansion
therefore took place In times rariglngbetween 1.4 x .10-4
and 2.8 x 10-4 second. The compression at the nose of
an impact tube takes place while the gas flows a distance
of the order of 1 tube radius. (See fig. 5.) The com-
pression times then ranged between 7 X lo-~ and

14 x 10=7 second. Commercial C02 was used and, be-
cause it was fairly dry, a relaxation time of the order
of lC-5 second was expected. It qeomed llkely, therefore,
that this setup would approach the ‘caseof an ~sentropfc
expansion and an instantaneous compression clooely enough
for the results to bear at least a qualitative reseniblance
to equation (4)0

Preliminary to the investigation of heat-capacity
l~s, it was necessary to make suiiethat hydrodynamic
effects other than heat-capacity lag would not produce a
reading on the alcohol manometer. Air and later nitrogen=. at room temperature were therefore substituted for C02
at the beginning of each run. It was always found in
these preliminary tests that, when the tube was properly
alined, the difference in pressure measured by the alcohol “
manometer was very small and could be accounted for
ontiroly by la~a in the small vibrational heat capacity
of air {about 0.021?).

Carbon dioxide WP.Sthen introduced into the apparatus
and tk~eobservations shown in figure 4 v:cremade. The
gas was heated beforo critcringthe chambers *d Its
temjjeratum was moasurod by a small-thezmocouplo inserted
h the jet close to the impact tube. In accordance with
aerodynamic experience, the temperature measurodTg: d~f
thermocouple was assumed to be 0.9T0 + O.lT1.
ference betvmen To and ~1 was always less than 300 F,
oorr~sponding to a difference In Cvib of legs than
8 percent, and was thus considered accurate enaugh to
ass~e a const~t cvib and to compute this value at a

TO+T
temperature T S ●

~

The pressure Po - P1 was read by the mercury

‘OmeterJ P1 by a barometer, and P. - p2 by the “
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aloohol manometer, tilch was fitted with a microscope to
----- make .possiblo.zwadingsto .O~OO1Inch , . ,. . ... .- .

In f’lguro4 the reading of the aloohol manometer is
plotted against tho chaniberpressure po/pl. The ex-
porlmental values at.both temperatures agree with the
theoretical-valuesmore closely than could have been
anticipated. It will become olear inter that the theo-
retical and exprimantal values agreed so closely because
small entropy increases in the orlflce, attributable to
too-rapid expansion, just about compensated for the fact
that the compression was not quite instantaneous compared
with the relaxation time of the gas. It should bo
po~hted out that ordinary hydrodynamic effects such as
micallnement of the Impact Wbe v’ouldbc expected to pro-
duce a total-head defect which would vary directly as
Po

1.~:

GZ’NE.3ALTHE(XW OF ENERGY DISSIPATIONS IN GAS2fl

EXHIBITING l’lEtiT-CM?ACIT!!IAG

In the Conora1 case in which the temperature changes
may be neltllcrvery fast nor very slow compared with tbo
relaxation timo cd’the gc9, the tcmpercture history of a
gc-sparticle ~.~it flows along & strmmlino must be con-
sidered. The problem 2s ~r~etly slmpllfled if the effect
of heat-capacity log on velocity distribution 1s
neglected in order to get the effect of the lag on energy
dlsstpation. This procedure can be regarded as the
first step in &n iteration process nnd Is probably ade-
quate for the applications now contemplated. TM re-
striction tho.ttho temperature changes Involvod in the
flo’.~are small enou@h for the bent capacities to be con-
sidered constant Is also ratalned.

I Assume, therefore, thnt the velocity distribution In
the field of flow is determined by standard gas-d~amicsk methods. The velocity distribution is.usually given as
a function of space coordinates U(x,y,z) or along the
0.9treamline a& Ug(s), whero s is the distance along
the streamline. Tnla expression can be converted to a
function of tine us(t)

%
by titegratlon of dt = u s
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along-a.streamline.. The fuhtl-ini~Us(t) . ~6 talten:fdr.
granted and the entropy Increase ~n the flow ahmg~a ~
streamline is detetined.

By introducing the variable c, which represents
the excess energy per unit mass in the lagging heat
capacity over the energy at equilibrium partition at the
translational temperature T, it is seen that
. . . .

cpT+~u2+ c= Constant
2

(7’)
..

The assmnptlon is now introduced that there is only
one type of heat energy in the gas Evih which lags
appreciably behind the translation temperature and that
its time rate of adjustment is proportional to its de-
parture from equillbrim; that is,

..

-—- -.

This assumption Is In
previously discussed.

because cvibTvib
ftieasuredfrom a
equations, ‘vib

dEvlb .—=-k~ ~
dt

aGreement wtth the sonic theories
From the definition of ~ , “ .

= E T
vib - Cvib

the eqv.ilibrtumvalue of E-,kV.LU
arbitrary zero).. By conibiningthese
can be eliminated to yield

,

(8)

The meaning of k can be made clear if the variation of
c with time is examined for the case i?i which the total
heat energ~ of the gas reyatis constant. In this case,

CDT + ~ = Conztant

. . . . .
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L Equation”(8) then becomes

F

--. ....... .,,. ...------_- —., ,-------
c&= %ib d~ kc

.~ . dt ‘—-Cp dt .

I
1

.“

—
t Ive T of’the gas;
tlons are restricted
tIme.

9

i

-A . .

the reciprocal of the relaxation
...,.

It will be seen that these equa-
to gases with only one relaxation

In OrcleT to simDlify later exrmessl”onsand to
clarify their
dimensionless

physical m;anirlg,tl%re.are introduced the
variables

%
I

‘“l% 1
.

:1.

(9)

K=.%
. .

where h and U are a t~ical lenflthand a t~ical
velocity in the flow and K is a dimensionless parameter
that Is a measure or the ratio of the times in which
temperature chanpes occur in the gas to the relaxation
time of the gas. It will be seen later that C? is de-
fined to make it become unity after an instantaneous ex-
pansion which starts fron rest with equilibrium enerfly
partltlon and ends with the velocity U. Eliminating T
between equations (7) and (8) and introducing the non-
dimensional quantities gives .

(lo)

If u?(t~) is known, the lntefiralof equation (10) can
be written as
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The rate of entropy Increase he flow caxlnow be oalcu-
lated from eq

~ k%

on (11)● a of heat flow from the
temperature Tv to T IS ‘c; rice,

(t)

1!k~#—

%

(12)
b

I?c)w
as

YThe entropy increas ong treamline In question
between the starting me d the time t is

f,t

In order to ob
tion (13) would have ed over all the
streamlines in the flow

(13)

~iitlhth~ use of equation (7).

for Low-Velocity Flows

energy dissipations can be simpM-
to flows involving pressure and

Similarity Law

The calculation of’
fiod if the restriction
temperature cknges that are small compar=d-with ambient
pressure and temperature is adopted. The greatest ad-
vantage of this procedure is that the flow pattern ob-
tained in an incompressible fluid can be used as an ap.
proximation. This fact is important because few compres-
sible fluid flows are hewn accurately. If this
restriction is accepted, k and hence K can be assumed
constant for the flow. Equation (11) then becomes

(14)
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t- “ NoW both ‘~ . and-.va-rlatitonsof T are.small.compared

1

I

1,f

C3v~b . . ---

with T and equation (13) becomes

,“=aii&2dt” (15)

It is now shown that there is a sImple relation
amcng the dependencies of the energy dissipation in a
low-veloclty flow on the scale of the flow, on the typical
velocity, and on the relaxatlm the of the gas. This
relation is that the entropy increase, reduced to non-
dimensional form, depends In geometrically similar flows
on a single parameter K.

?lquation(15) can be rewritten as

Introducing the nondimensional entropy fncrease AS! by
dividinG AS by the entropy increase following an
‘tinstantaneous~’compression flives

~1

Asf =’2K { ~!2 dtf (16)

From equation (14), It is known
depends only on K for similar

that c~ and hence .AS?
flows● . .

Approxtiatlons for Large and Small Values of K
..” .

The Integrations of equations (14) and (16) are
sometimes difficult to perform analytically and laborious
to evaluate.numerically. For the special cases in which -
the relaxation the. is either long or short compared with
the times In which temperature changes take place in the
gas, it Is possible to use approxtiatlons that consider-
ably reduce the-numerical labor. In these cases, it %S
possible to express ASf In terns of Integrals in which
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‘If:does ‘motappear under the integral
Integrals need be evaluated.only once

Z31gn; “thug;“these
to determine AS.f

for all values of K for which-the approximatlan 18
valid.
...“ The case of short relaxation the, when K is large,
will be treated f’lrst. In order to avoid confusion, the
symbol t~a is introduced
becomes

tra

,. cl(tf~] = r
~tto

Into equation (14), which

duf2 -K~tta-tf~ dt!
we (17) “

For a.large value of K, most of the contribution to
this integral comes from values of t? so close to tfa
that the following approximations can be made:

and the lower limit of the inte ral h equation (17) can
be replaced.by ●= .. Equation ?)17 then becomes ~

..

where the sign of the lower llm~.t

()

duf2
of W a“ l’Ie”nce,for K >> 1,

-1

“isopposite that

dt~. (18)

. .

The case of long relaxation time,.when K is small
compared with 1, is now considered. In.the usual flaw

-problem, the Gas velocity changes appreciably during a
certain time interval - say, from O to ttl - and then

I
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b

settles to a new steady value. The problem can be
dlvlded into two parts: .0< t~ <.ttl ~d t~.> t~l-
If K Is small enough, the change In c? due to the

8
~~.tem- in equation (1 ) is small compared with the

change due to the
d~?
—-term and can be neglected indt?

the caloulatlon .ofthe entropy increase ASl~ ‘during
the first interval; thus, - “ .

cl 2=uf- Uf()2

where ~fo2 Is the velocity squared at t~ = O. Hence,

In order to compute the value of C? at tll, the

total contrlbutlcn of the cl-tern in equation (10) 19
added to the total change In the square of the velocity
during the first Interval Au~2. Thus,

r

tfl tfl ~
= /@2-K 2-K

[( u102)dt?Cfl cl dtf=4ul U? -
‘o o

In the period after tfl,

and the entrcpy increase In th.lssecond period AS~2 iS

The total entropy increase in the flow 1s therefore, for
K<< 1,

1.



—.—. . .

f

16“

c‘1 . .
!..

● ~~ ? = 2K (Ufo
2 - U12Y dt1,....

,
..

tfl

[f 1

~“

+K (Ufo
2 - u?

)
2 dtt + Au?2 -

0
.-

Calculatlon of Total-Head Defect in Flow
!

“ Wpact Tube%ource-Shaped‘ about a

The.total-head defect to be anticipated in a cti-
presslon at the nose of an impact tube of a special shape
is calculated to be used in the measurement of the re-
laxation time of gases. Tb.erestriction to lov~veloci-
ties adopted previously Is retained, chiefly to permit
the use of incompressible-fluid theory and of the simi-
larity th&orem. ..

The flow ab~ut bodies of revolution in a uniform
stream Is usually”calculated by considering the flow
about sources in the fluid. (Ccxafiarereference 6, ~
p. 146.) It Is possible to find a surface In the flow
across which no fluid flows. If a solid body shaped
like this surface is substituted for the ‘sowces, no
alteration outside the surface occurs; the flow about
the solid body Is thus$dqntical with that about the
sources. The flow about a single source in a uniform
flow Is calculated in reference 6 and the corresponding
shaDe is ulotted in flmzre 5.. The total-head defect
to be ant~clpated for =
lated as follows:

. .
The veiocity along

auired. This velocity

tube of this shape “iscalch-

the central streamline is re-
is given on page 147 of refer-

&ce 6 and is plotted in fi~ure 5 as ..

—.
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.
where

&m ...-.-- x,

1
‘distancealong”c~tral streamline from source “

~u velocity far from body

r
A d di&eter of impact tube

I{ TMs expression can be oonverted to the following non-
dimensional form by using U as the t~i.cal velocity
and d as the typioal Mmenslon:

@(xf)=l. J& (19)
16x?2

The next step is to find ul(tl). The quantity t~ can
be found as a functton of UI by integrathg

! The choice of the zero of tl Is arbitrary. For con-
\ venlence$ i.f tl = O when u? = 0.99, then

i

,

J
t

tI=+ &J t

0.99 Uf(l - u~)3/2

r /111. - l-uf + 2=

1 .(
-* log — ~

) “1-20 (20)
91+ J1 -U’ Jnf-

..

1’ The next step Is to determine c!(t~) .from equation (14).
Then, by use of equatton (19), .

t

i*

i

.(21)

Because cl is zero initially (tf = -~) and remains zero
until u? begins to vary rapidly with time, if K Is not
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too small,
follow the
Uf = 0.99;

the lagging heat oapaoity can be assumed to
temperature changes in the gas up to the point
that h, s? = O ~~be used for t? = 00

Combining-this fact with equations (14) and (21) yields

rt~f(tt) =-e-Ktt 16ut2(l - ul)3/2eKt’ dtt (22)
o

In view of the partly transcendental nature of equa-
tion (20), it was necessary to Integrate equation (22)
numerically. Equation (20) was plotted (fig. 6) In
such a way that the values of u? corresponding to
regularly spaced values of t? could be found easily.
By S1.mpson~srule, ~t(tt) was then fo~d for a series
of values of K. An exanple of the result of such a
calculation Is @ven In figure 6 for K = 3. The
entropy Increase along the central streamline was then
found from equation (16).

Values of AS~ found from integrating equation (22)
by Slmpsonfs rule and equation (16) with a planimeter
are plotted In flfiure7 and are given In the following
table:

RESULTS OF NUMERICAL CALCULATIONS OF ASt

FOR SOURC3-SHAP3D IMPACT TUBE

K I ~g t

10

:
1

.3

.1

0.1685
● 405
● 516
.676
.868
.952

For large and small values of K, the approximations
developed earlier were used to reduce the labor of cal-
culations and yielded the result AS! = 1.74 /K when
K is large and ASf = 1.452K + (1 - 1.008K)2 when K
Is small. These results are plotted in figure 7; this
figure thus Indicates the range of applicability of these
approximations.

1
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Calculation of Entropy Inorease In Flow

... s.. through a Noz”zleof,Speolal-Des@n ‘

For the measurements of the relaxation the In C02,
a nozzle is employed in which the gases”expand and ac-
celerate before meeting the impact tube~ This expansion
oannot always be made slow enough - that 1s, the nozzle
large enough - that tho ~xpanslon through the nozzle in-
volves a reall~ ne@igiblq entropy increase; hence, the
results of figuro 7 must be corrected for the entropy
Increaseh fn the nozzle. In order to simplify the cal-
“ctintlons,the nozzle was so designed that the time rate
of temperature drop was constant. It can be shown that
the entropy Increase In a nozzle of”thls design is

and U Is the flnnl vol.ocityattained
the nozzle. It must be remwibered that

the calculations for t;m Ixqmct tube presumed c? to be
zero inltlallT. This condftlon is the case anly if
Kl{>> 1 and hcnco.the calcul~tton given here is valid
only for this ctiso.

From
Y
e dafinihions of K n.nd KIT, It Is seen

that KN = ~K and hence the total entropy increase

A31T = ‘S’ttie + ‘sfN

can be expressed as a function of K
Z/d. This total ontzmpy increase is
ure 8 against K far the two values
these experiments and for Z/d==.

alone for 0.gfven
plotted in fig-
of Z/d used in

MEASU~T OF RELAXATION TIME OF C02

The theory wI1l now be applted to the measurement
of tho relaxation time of C02. This work was
undertaken both to test the theory and to develop a
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technique that would supplement the scmio methods pre-
viously used for measuring relaxntlon times. The
method essentially consists in expanding the gas through
a known pressure ratio in a nozzle and compressiligIt
agati at the nose of a source-shaped impact tube. The
resultant total-head 10ss ts divided by the total-heed
loss that would be obtained ~.na very 31OW e~ansion and
a fast compression (equation (4)). This nondimensional
total=head loss is oompared with a theoretical result
such as is shown In fiumre 8 and the value of K appro-
priate to the flow is found. Worn this value of K,
the re~axation time of the gas can be easily computed if
the velocity before compression and the diameter of the
impact tube are know.

Duri~q the compression of tho gas, the tcmporature
and pressure rise from

‘1 and pl to T2 and p2,
respectively. The relaxation time and the heat capacity
of the gcs thus change along a streamline. The pro-
cedure previously outlined then gives an averago relaxa-
tion timo for the flow. It is assumed that this average
relaxation time is the relaxation tlmo appropriate to
conditions halfway between compressed arxie~anded con-
ditlons~ Because p
these conditions 5 &dis~clsx~~ f~~da%omT2= To’

__p~+p,
P- z

The errors introduced in this way certainly are no
greater than those due to the low-velocity assumption
Introduced in the theory upon which figure 8 is based.

Gas

The as used in these experiments wns commercial
F“bone-dry C02. This gas was dried by passing it

through calcfum chloride and then dehydrlte while it

--- . ..
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w
‘‘““was at”~ “pfi”essurd:-gr-eatemthan-40 atmos”ph.eres.- TM purl-

flcatlon procedure was not so thorough as methods used

I
In some previous investigations, and It is to be expected
that somewhat shorter relaxation times would be obtained.

~ The prtiary object of this worlr-isto establlsh”the self-
‘s? conslstenoy of this test method rather than to obtain an
,;d accurate relaxation time for pure COQ. . .

Apparatus
. .

The apparatus used is essentially the dame as that
schematized in figure 2. A longitudinal section through
a chamber of the most recent design Is shown in ftgure 9.
(The chamber used In the tests discussed In the next sec-
tion did not Incorporate the liner and the gas entered
from the bottom.) The gas enters through thrpe holes
that were made small to stabillze the Cas flow into the
chamber. The glass wool is necessary to remove turbu-
lence from the gas In the chamber and contributes materi-
ally toward reducing the total-head defects obtained in
gases without heat-capacity lag. It was found that
total-head defects traceable to nonuniformities In tem-
perature existed pnd could be reducedby the use of the
lined chamber shown. The fact that the gas flows around
the Inner chamber before entering helps to keep the Cas
in the Inner chamber at uniform temperature. -

The temperature nonunlformitles can be almost elimi-
nated If the gas entering the outer chamber Is at the
same temperature as the chamber.. A mechanism was used
to adjust the alinement of the impact tube without moving
the tip from the.center of the nozzle. The impact tube
must be adjustable in order that small errors In shape
near the hole will not Ive spurious total-head defects

f(in helium, for example . The gas and the chamber were
heated electrically and a thermocouple Inside the chamber
was used to measure the gas temperature.

The nozzle used had a circular cross section, was
1P6 inches long, and was designed according to the methods
previously desorlbed to give a constant time rate of

du2
temperature drop; that is, ~ = Constant for the first

1.5 inches, the last 0.1 Inoh being straight. The
radius of-the nozzle -r Is plotted against the dlstame
along the center line x tn figure 10.
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Two lm~act tubes with ”dlameters0.0299 Inoh and
0.0177 ihch were used h these experiments. They were
made by drawing out glass tubing until a piece of ap-
propriate diameter and hole was obtained. The hole was
“kept larger than about 0.004 inch and the fine section
not too long (=1/4 in.) to prevent the response of the
alcohol m~ometer from being too sluggish. The ends
of the tubes were ground to a source shape (fig. 5) on
a fine store. During the @ndlng process, a flilhouette
of the tube was cast on the screen of a projecting micro-
scope and the contour superimposed on a source-shaped
curve. By this technique the contour could be ground
to the source shape within 0.0005 inch, except for the
hole, in a short time.

Tests and Computations

The total-head defect in C02 was measured with the
two impaot tubes over a range of chamber pressures. The
consistency of relaxation times obtained at various pres-
sure ratios and with various tipact tubes serves as a
check on this method of measurl~~ relaxation the and on
the theory on which the method is based.

Before each series of measurements nitrogen, which
has only a negligible vibrational heat content at room
temperature, was run thro~h tinechamber to be sure that
no spurious effecte and leaks were present. In the re-
sults reported herein, the errors due to these effects
were kept to less than 0.01 percent of the chamber pres-
sure; therefore, the resultant error In relaxation time
due to these causes was less than 4 percent. In sub-
sequent work (not reported herein), it was found that
most of these total-head aberrations could be eliminated
by ensuring uniform temperature In the issuing gases.

..

If care is taken to eliminate temperature nonunlformlties,
tube misaltnements, and turbulence in the chamber, the
total-head aberrations can be reduced to 0.002 percent or
less.

The total-head defects obtained were divided by the
result .ofequation (4) to reduce them to nondl.mensional
form. The appropriate value of K was found by refer-
ring to the appropriate curve in figure 8. The gas
velocity was computed from the reading of the mercury
manometer by the enthalpy theorem with a.dlabatlcexpansion
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assumed. The relaxation the was then computed from theM

1

‘d~f’iikl.tlon-”of”“--~by equation (9). Th6”YelaXztion“ttmes
t thus obtained were expressed In collisions per molecule.

The nuniberof molecular collisions per second tn C02

was assumed to be 8.888 x 109 at 15° C end 1 atmosphere
by comblnlng tables of pages 26 and 149 of reference 7.
At all other temperatures and pressuiies,the nuniberof
collisions was assumed to vary inversely with @. and
directly with pressure. The number of molecular colli-
sions per second and the ~at capacity of &he gas were
computed at temperature . and pressure p. The data
obtained are given in tables I and II for the 0.W99-
and 0.0177-inch tubes, respectively.

The results are plotted in fl.gure11, which indi-
cates that the relaxation time In c~llisions Is n6arly
Independent of pressure ratio and @pact-tube size.
This consistency constitutes the desired verification
of this test method. It was expected that a variation
at .hi~hpressure rattos would appear in v~~?J of the
assumption of low veloclt~ made at several points in the
theoretical development.

A lar[qepart of the scatter of the results in fig-
ure 21, in particular the apparent drop at low presslues,
is attributed to the fact that in the tests the average
temp(~rature(%llfway between chamber end expanded tem-
peratures) wa~ not held constant during the run.

The averaflenumber of collisions obtained with the
0.0299-.inchtube was 33,100; with tho 0.0177-inch tube,
32,000. The final result at 105° F thus Is 32,600,
which is somewhat lower than the result o? recent inves-

. tlRatfons in which the C02 has been much more carefully

I purified than in the present investi~ation. (Compare
with fig. 1.)

I IMPACT-TUBE METHOD OF .WURIN(3 R~TION TIME OF GASZS

● ✎

The Impact-tube method of measurl~ the relaxation . “
tfme of gases rests essentially on the fact that the
total-head defect not traceable to heat-capacity lag can
be reduced to a very small value - say, 0.002 percent. .
Very small dissipations due to heat-capacity lag are ..
therefore measurable. For example, a gas having a

— , — .. —. . -— - — —.- —.— .
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lagging heat capacity O.IR with a relaxation time of 10-7
second could give a total-head defect of 0.05 percent.
If’the gas had a lagging heat capacity as large as R, a
relaxation time as short as 10-8 second would be meas-
urable.

This method seems to be easier to carry out than the
sonic methods previously discussed and can be used to
measure relaxation times with comparable precision. The
quantity of gas required to make a measurement will be
larger than for the sonic methods (a standard tank of C02
lasts about 5 br in this apparatus) and thus may make It
more difficult to attain high purity.

If the gas to be studied has a long relaxation time -
greater than 50 microseconds, for example - it should be
possible to measure the relaxation time tn an apparatus
similar to the one discussed by comparing the total-head
defects obtained with a calculation of the entropy in-
crease in the nozzle. In this case, the time taken for
the gas to flow through the nozzle is compared with the
relaxation time of the gas. The shape of the impact
tuibewould be unimportant in this case as long as it was
small enough that K << 1.

CONCLUS1ONS

The existence of energy dissipations In gas dynamics,
which must be attributed to a lag in the vibrational heat
capacity of the gas, has been established both theoreti-
cally and experimentally.

An approximate method of calculating the entropy in-
crease in a general flow problem has been developed. The
special case in which a gas at rest expands out of a
specially shaped nozzle and is compressed at the nose of
a source-shaped impact tube near the mouth of the nozzle
has been treated, and the dependence of the resultant
total-head defect on the relaxation time of the gas has
been found.

The total-head defect in this flow has been applied ‘
to measure the relaxation time of C02. The results
obtained with two impact tubes were in agreement within
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about 3 percent. The conslsteqcy of these results ist
‘----regarded’asa-oheck on the general themy-developed and

:. on this measurement method.

1

‘.,
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APPENDIX A

SONIC MMSTEWMENTS IN CARBON DIOXIDE

Much careful work has been done on the lag In the
vibrational heat capacity of CC2. Carbon dloxlde is a
linear molecule and thus has a translational and rota-
tional heat capacity of ~R. It has four normal modes

in vibration that are dlagrswmed with thetr frequencies
as follows (data from reference 8):

o+ c +0 VI = 4.164 X 1013

t 2.003 X 1013 2 modes
i i ‘2=

+0 c+ +0 lj3= 7.050 x 1013

The heat capacity of C02 Is somewhat complicated
by the fact that the second excited state of the oscil-
lation u2 has ahost the same energy as the first
excited state of V1 . The near resonance results In a
strong interaction through the first-order perturbation “-
(the first-order departure of the potential energy from
the square law) between the two states Involved, as was
pointed out by Fermi (reference 9). This perturbation
produces significant disturbances (-50 cm‘1) of the levels
involved but does not have a large effect on the heat
capacity of
computed by
used in the

Eucken
a period of
(references

the gas. The heat ~apaclty of C02 was
Kassel (reference 10) and his results are
present calculations.

and his coworkers have carefully studied over
years the dispersion of sound In C02
11 to 15). One conclusion of this work -

that the vibrational energy levels in C02 adjust with
the same relaxation time - Is demonstrated by showing that
the dispersion curves obtained fit a simple dispersion
formula such as llmeser~s.

Kiihiiltm . for example, obtained a simple dispersion
curve at 410d C, at which appreciable heat capacity due
to all three normal modes would be expected. Richards
and Reid (reference 16) and others (see bibliography of

~---
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reference 2) have mainta~ed that the symmetrical valence
*,. ... . vibration ..v1 of C.02-does not adjust at 9 kllocyoles

In some dispersion measurements made near room tampera-

1 ture. As they point out, this fact is remarkable be-
!.b cause the second excited state of U2 strongly perturbs}In‘q the first excited state of VI. In any case, the con-
;.G ttilbutlonof this normal mode to-the heat capacity is

very small at room temperature and the efi’eGtsfound are
near the ljmits of the accrracy of Richards and Reid.

The relaxation time of C02 in molecular collisions,

as #@ven by Eucken and his coworkers, is plotted against

T-* (T in W) in figure 1 for comparison with the theory
discussed in appendix B, Van Ittarkeek, de Bruyn, and
llari~ns(reference 17) measured the absorption at 599 kilo-
cycles in ver:’carefully purif:ed C02. .Theirmeasure-
ments, which are alao gfl.venin figure 1, show a longer re-
laxation time than th~.nensurementa of ~~cken and his
coworker~. Th~y attribute thiu Increased relaxation time
to careful purification of the gas.

All the measurements with C02 have indicated that
the relaxation tlfiloj.~?.nver-e]yproportional to the
pressure of the g~~. TMc rosl’ltshaws that the proce3s
rcsponsjhlo fcr the Intdrcbansc d’ energy between v~bra-
tlonal m.d other dcCrcoa of frcodon is bimolecular.

i

,
. ..
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APPENDIX B

THEORY OF EXCITATION OF MOLECULL R VIBRATION BY COIJJISIONS

Landau and Teller (reference 1~) have given an ap-
proximate calculation of the probability of the excita-
tion of a vibrational quantum in a molecular collislon.
Assuming that the interaction energy whloh hduces the I
vibration depends llnearl~ on the normal cocmdlnate of’
a harmonic vibration, they mske a first-order perturba-
tion calculation. The matrix element for %he transi-
tion from the lth to tho (1 + l)th or from the
(Z + l)th to the Zth vibrational state Is then pro-
portional to /z-T-”i. The transition probabllit~es
ki
i

are proportional to the square of snatrlxelements
an therefore

kol:kl#23 = k10:k21:~2” = 1:2:3
.

and, when i - j # *1S k~j = 0= IWs result is shown

in reference 18 to lead to the prediction that all the
allowed transitions h a fli.vennormal mode have the same
relaxation time.“ Landau and Teller next examine the
collis”lonprocoss classically, aqsumlng the interaction
energy between translat?.onand vibration to be propor- .

tional to e-e where x Is the ~istance between the
molecules and ‘a Is W- undetermined constant. They
also assume that the translational energy of the mole-
cules - that is, the collision - is adiabatic. The
amount of ener~y transferred to vlbratlon In a collislon
Is then calculated and used to estimate the transition
probability kO1 and the rele.xatlonthe of the gas.
They conclude that the temperature variation of the re- c
laxatlon time expressed in molecular collisions is gl.ven
by

/
,-.. —..”

bCollisions = exp ?ZC-+ /ti\
2R \

where M is molecular v?eight.

In figure 1, experinmntal results for the relaxation
time in collisions of’ C02 and nitrous oxide N20 are
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~

plotted ag?lnst T 3. The theoretical results are seen
to be straight lines, wlthln experlmenttilerror. The
value of a can be found from the slope of the straight
line. For C02 with ‘v = 2.003 x 1013, a=0.22 x10-8 cm

and, for N20 with u = 1.773.X 1013; a’=0.36x10-8 “m.
These reasonable values for a are a further check on
this theory.

. . . .
It should be pointed out that the temperature varia-

tion of catalytlo effeots is quite different from that of
pure gases, the number of collisions required being nearl
independent of temperature. (See Kiiihler,reference 15.T
Various attempts have been made to associate the effective-
ness of catalysts with their physical or chemical proper-
ties but no generally sncceasful rule seems to have been
proposed. Gases that have some chemical affinity, gases
with lar~e dipole moments, and gases with small moments
of Inertia are usually most effecttve.

.
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APPENDIX C . . . .
. .

THE ENTHALPY THEOREM
. .

Tf no energy is transmltte .across the walls of a
stream tube, tho total eaer~ rInternal energy E plus

1 2, PIUS the work done byKinetic energy per unit mats -U _
..

tiressures pV must be the sde ~t any crbss section of
the tuba; that isj “

,.. ..”

. ,..

-..

E+*u2+pv= Constant (cl)

~n the cafleof’a perfect Ras with constant heat capacity
“and with equilibrium partition of energy,.equation (Cl)
becomes

CPT + $CL2 = Constant (C2)

where
CP

is the heat capactty at constant pressure and

T Is the absolute temperature. Whenever equilibrium
partition exists, even thou~h nonaqulllbrium ctates have
been pasletlthrou&h, equation (Cl) is applicable in the
absence of’visco3it7 snd heat conduction and equation (C2)
can be appliml to perfect gafles,provided the heat
ca~acity of’the gas can be considered constant.

.—
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TABLE 1.- DATA AND CALCULATIONS FOR ().0299-lNCH TUBE

Total-head
defect,

Chamber PO
ressure,

“~ -
1

Po/P~

(atm)” Wpo
:—.

PI
1

(percent )

1.185
1.253
1.323
1.388
1.464
1.527
1.580
1.672
1.?34
1.738
1.295
1.350
1.364
1.422
1.499
1.552

0.321
.482
.669
● 805
.966

‘1.088
1*193
1.344
“1.445
1.467
.586

“ .721
~758
● 880

1.025

I 1.130

,verage
empera-
t@e,
T

(OF)

115,.0
109.8
107.5
100.’7
101.6
98.2
96.1
93.9
92:6
92.4
107.8
105.4
111.5
107,2
‘99.2
98.1

Total-~ea~
~ef’ect

from’ ~nst.
com~ress~o]

th~ory,

~() .

(peredmt )

0.(511
.815

1.924
1.198
1.412
1.5?7
1.796
1.934
2.076’
2.084
.941

1.098
1.152
1.512
1.50?
1.641

Total
As 1

(Col. 2
(Col. 4)

g,525
.591
.653
.672
.684
.690
.699
.695
.696
.704
.623
.656
.658
.671
.682
.688

(frL
fig; 8)

2.03
1.58
1.25
1.13
1*O7
1.05
1.01
1.025
1.02
.982

1.38
1.21
1.21
1.14
1.075
1.05

Gas
velocity
at end of

nozzle,

( in~/s3ec )

5640
6464
7188
7731
8336
8761
9090
9611
9936
9955
6910
7423
7591
8051
8573
8926

Relaxa-
t ion
time,

dr= —
Uk

2.61
2.93
3.38
3.42
3.35
3.25
3.26
3.04
2.95’
3.06
4.17-
3.33
3.25
3.26
3.25
3.19

Collisions
?’XC.ollisi.ons
per molecule

per see)

24,000
27;800
33;200
34;700
35;100
35,000 -
35,900
34,700.
34,500
35,900
30,400
33;100
322400
33,300
34$500
34,700

&33,10G —

I
i
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Cliamber
pressure,

P()/Pl
(atrn)

1.442
1.315
1.334
1.389
1.278
1.229
1.205
1.467
1.686
1.612
1.665
1.581
1.556
1.548
1.531
1.515
2.482
3.417

2

Petal-head
defect,

P*

~-
1

Loo—
P(j

1
~-

(percent)

1.014
.765
.748
● 900
.633”
.519
.480

1.100
1*5~3
1*383-
~j495
1.317
1.283
1.276
1.244
1.216
1.123
.986

TABLE II.- DATA AND CALCULATIONS FOR 0.0177-INCH TUBE

3

!iverage
tempera-
ture,

~o:,

97.7’
127.3
106.1
98.8
100.8
110.1
121.1
10304.
.95*2-

96.0
9!5.0
95.1
96.X”
99.2
100 ● 9
104.3
102.9
107.3

4 15

?otal-head
defect

!rom inst.
compression
theory,
PO _

(percent)

1.342
1.041
1.057
1.196
.876
.742
.683

1.42$1
1.972
1.788
1.919
1.708
1.644
1 ● 637
1.594
1.564
1.468
1.298

0.756
.735
.708
.753
.723
•~QCJ
;704
.77’0
.772
.774
.779
.771
.780
.780
.781
.778
.765
.760

6

K
~from
‘ig. 8}

0.’73
.81
.92
.74
.85
● 97
● g~
.67
.67
.67
.65
.67
.64
.64
.64
.65
.69
.71

7

Gas
velocity
at end of

nozzle,

( in~[sec )

8146
7232
7289
7723

6687
6182
5Cj4~
8377
9703
9283
9585
9088
893’?
8Cj12
8807
8728
8482
8013

8

{elaxa-
tion
time,

T +

~micro-
sec)

2.98

3.02
2.64
3.11
3.11
2.95
3.2Q
3.15
2.72
2.85
2.84
2.91
3.’09
3.10
3*14
3.12
3.00
3.11

9

Collisions
~T x Collisions
per molecule
per see)

/

31;700 ‘
29,700
26,700
32,400
30,800
28/400 ““
30,20C
33;700
32,000
32,500
33;100
32,800 ‘
34,500
34,400
34,600
34,000 .
32,600
32;50(’}

AV. 32,00ti-
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